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Optomechanical sensors involving multiple optical carriers can experience mechanically mediated
interactions causing multimode correlations across the optical fields. One instance is laser-interferometric
gravitational wave detectors which introduce multiple carrier frequencies for classical sensing and control
purposes. An outstanding question is whether such multicarrier optomechanical sensors outperform their
single-carrier counterpart in terms of quantum-limited sensitivity. We show that the best precision is
achieved by a single-carrier instance of the sensor. For the current LIGO detection system this precision is
already reachable.
DOI: 10.1103/PhysRevLett.121.110505
Introduction.—The use of quantum-mechanical systems
and nonclassical properties for high-precision estimation
tasks has attracted interest in a number of sensing
schemes, including in laser-interferometric gravitational
wave (GW) detectors [1–5] and related problems [6,7],
magnetometry [8,9], and atomic clocks [10,11]. Direct
detection of GWs was one of the earliest problems to
demand such analysis [12], suggesting use of nonclassical
light—squeezed vacuum states—to improve precision [1,13].
Sensing mechanical displacements optically, such as in
laser-interferometric GW detectors [14,15], relies on inter-
actions between optical and mechanical degrees of freedom
which is the domain of optomechanical [16,17] sensors.
Light incident on a mechanical oscillator causes the
mechanical oscillator to act as an active element which
produces squeezing of optical modes [2,18]—the so-called
ponderomotive squeezing. Such squeezing acts as a noise
source constraining the current generation of laser-
interferometric GW detectors [2,14] due to antisqueezing
of the quadrature in which the signal is encoded which
manifests as a measurement backaction, with techniques to
avoid such backaction drawing significant interest [19–21].
The same effect has been demonstrated as a squeezed light
source [22–24], which can potentially improve sensors’
precision [1,2,13].
The extension to multimode optomechanical systems has
proven fruitful in both the many mechanical [25] and
optical [26,27] mode scenarios, as well as for optical
frequency conversion [28,29]. This includes sensors such
as laser-interferometric GW detectors, particularly those
encompassing modifications which utilize multiple laser
frequencies: so-called multicarrier interferometers.
Originally implemented in Advanced LIGO for classical
sensing and control purposes [30,31], a second carrier
can improve the low-frequency sensitivity by partially
canceling the strong backaction of the main carrier [32,33].
Multiple carriers can provide a means to enhance the
sensitivity and surpass the standard quantum limit
(SQL) [14] by using the optical spring effect, while not
suffering from the instabilities associated with the single-
carrier case and allowing for some shaping of the sensitivity
curves [34,35]. The value of multiple carriers in improving
the sensors’ fundamental quantum limit, which is more
stringent than the SQL, remains open.
In this Letter we provide the fundamental quantum limits
on the precision of multicarrier optomechanical sensors,
including laser-interferometric GW detectors, using quan-
tum metrology techniques. These limits are imposed by the
classical and quantum Fisher information—via the Crame´r-
Rao bound (CRB) on precision of an estimator—from
quantum estimation theory [36–41]. Our multimode analy-
sis includes optical loss at the output and squeezed light
injection, as well as the optomechanical interaction—the
ponderomotive squeezing effect.
Multimode quantum states have been studied in quantum
metrology [42–46]. By including a noise source which
itself introduces multimode correlations, ponderomotive
squeezing, for the first time we show that for a large class of
optomechanical sensors multiple carriers are no better than
single carriers. Hitherto neglected in estimation-theoretic
quantum metrology studies of GW detectors [4,7], ponder-
omotive squeezing dominates the low-frequency quantum
noise of GW detectors [2] as well as smaller optomechan-
ical systems [47–49]. We bridge this gap, providing
analytical expressions for the fundamental quantum limits
of multimode optomechanical sensors featuring ponder-
omotive squeezing. This should guide the development of
novel optomechanical sensors and the improvement of
existing ones. Our large complement of results can be
navigated using Table I.
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Framework.—We describe the optical part of our opto-
mechanical sensor with a linear input-output relation,
bˆðΩÞ ¼MðΩÞaˆðΩÞ þ hðΩÞV⃗ðΩÞ; ð1Þ
where MðΩÞ is a complex matrix which determines a
Bogoliubov transformation between the incoming and
outgoing fields, and hðΩÞV⃗ðΩÞ is a displacement vector
which encodes the parameter hðΩÞ. Such input-output
relations are typically expressed in terms of the two-
photon formalism [55,56], using the two operators aˆðωÞ1 ¼
ðaˆωþΩ þ aˆ†ω−ΩÞ=
ﬃﬃﬃ
2
p
and aˆðωÞ2 ¼ −iðaˆωþΩ − aˆ†ω−ΩÞ=
ﬃﬃﬃ
2
p
.
We introduce d pairs of such operators
faˆðω1Þ1 ; aˆðω1Þ2 ;…; aˆðωdÞ2 g to describe the electromagnetic
fields in an interferometer driven by light of multiple
carrier frequencies fω1;ω2;…;ωdg. From these creation
and annihilation operators, we can form Hermitian
position (xˆðωÞ1;2 ) and momentum (pˆ
ðωÞ
1;2 ) operators, spanning
the same phase space and obeying suitable commutation
relations [50].
Suppressing the Ω argument for brevity, we focus on the
case where we wish to estimate the size of the displacement
h, with M and V consisting of the 2 × 2 and 2 × 1
blocks [33,34], see also Sec. II of the Supplemental
Material [50],
Mjk ¼ eiðβjþβkÞ

δjk 0
−χ ﬃﬃﬃﬃﬃﬃﬃﬃκjκkp δjk

;
Vj ¼
eiβj
hSQL

0
χ
ﬃﬃﬃﬃﬃﬃ
2κj
p

; ð2Þ
where δij is the Kronecker delta, βi are phases, κi ≥ 0. χ ∈
f−1; 1g is the sign of the mechanical response and can be
taken to be positive, since one with a negative response is
identical to one with a positive χ with a fixed phase shift
preceding and succeeding it, which can be captured by
rotating input squeezing and output homodyne angles,
respectively. The attainable precisions are thus directly
related; see Sec. II of the Supplemental Material [50]. The
presence of the ﬃﬃﬃﬃﬃﬃﬃﬃκjκkp term on the off-diagonals produces a
multimode squeezing across all the optical modes, which is
ponderomotive in origin. The ponderomotive squeezing
introduced with a single optical mode—with frequency
ω—is itself multimode with correlations between the
ωþ Ω and ω −Ω. When multiple optical fields are used
they each affect the mechanical motion and in turn the
mechanical motion causes squeezing of each optical mode
leading to entanglement between ωj þ Ω and ωk þΩ
optical modes.
In the case of a multicarrier laser-interferometric GW
detector, as in Fig. 1 in the tuned configuration, κi is the
normalized intensity of the ith carrier,
κi ¼
16Iiωiγi
mcLΩ2ðγ2i þ Ω2Þ
; hSQL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8ℏ
mΩ2L2
r
; ð3Þ
where Ii is the arm cavity power of the ith mode, ωi the
frequency of the ith mode, γi the arm cavity half-bandwidth
of the ith mode, m the test mass, and L the interferometer
arm length [15]. The signal-recycling mirror [57–60]
FIG. 1. An instance of an optomechanical sensor—a laser-
interferometric gravitational wave detector with multiple different
frequency carrier modes. Circulating light couples to the
mechanical motion of the mirrors inside the interferometer arms.
aˆ and bˆ describe the field of the carrier-mode sidebands, entering
and exiting the interferometer, respectively, at the dark port.
TABLE I. Expressions for precision of various interferometer limits. The unsqueezed and lossless case can be most readily recognized
from the lossy and unsqueezed case with limit η ¼ 1. We provide some discussion of these results in the context of LIGO detector in
Sec. VIII of the Supplemental Material [50].
Input and output Fundamental limit
Frequency-dependent
homodyne
Signal quadrature
homodyne
Squeezed and lossy Eq. (12) Eq. (13) Eq. (14)
Identically squeezed and lossy Eq. (16) Eq. (16)a Eq. (18)
Unsqueezed and lossy Eq. (20) Eq. (20)a Eq. (21)
Squeezed and lossless Eq. (22) Eq. (22)b Supplemental Material [50]
aAttainable through the homodyne angle given by Eq. (17); otherwise, for general homodyne angles these are found as limits of Eq. (13)
or in Sec. VI of the Supplemental Material [50].
bAttainable through the homodyne angle given by Eq. (23); otherwise, for general homodyne angles these are given in Sec. VI of the
Supplemental Material [50].
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introduces more involved input-output relations, but at low
frequencies where radiation-pressure dominates the quan-
tum noise, they can be approximated with the same form as
Eq. (2) [61]. Interferometer modifications such as the
quantum speed meter [15,60,62] also have the same form
of input-output relations as Eq. (2), and our results can be
applied directly with appropriate definition of κi.
As Eq. (1) is a linear mapping between creation
operators, the optical fields through the sensor evolve
under a Gaussian unitary [63]. Common input states such
as (squeezed) vacuum are themselves Gaussian [1–3];
therefore the output state can be taken as Gaussian for
relevant cases. From the evolution of the quadrature operators,
xˆ0 ¼MaˆþM
aˆ† þ hV⃗ þ hV⃗ﬃﬃﬃ
2
p ;
pˆ0 ¼Maˆ −M
aˆ† þ hV⃗ − hV⃗
i
ﬃﬃﬃ
2
p ; ð4Þ
we can extract the displacement and symplectic operators
d⃗V ¼
ﬃﬃﬃ
2
p Re½hV⃗
Im½hV⃗

; SM¼

ReM −ImM
ImM ReM

; ð5Þ
where Re and Im denote the real and imaginary parts. The
first- and second-order moments d⃗in and σin of a Gaussian
input evolve through the sensor as
d⃗out ¼ d⃗in þ d⃗V ; σout ¼ SMσinSTM: ð6Þ
Quantum estimation.—The CRB and quantum Crame´r-
Rao bound are successive lower bounds on the variance
ðΔh˜Þ2 ¼ E½h˜2 − E½h˜2 of an unbiased estimator h˜ for a
parameter h which parametrizes some probability distri-
bution Pðx⃗jhÞ and in turn some state ρðhÞwhich is given by
ðΔh˜Þ2 ≥ 1
FðhÞ ≥
1
HðhÞ ; ð7Þ
where FðhÞ is the classical Fisher information (CFI) and
HðhÞ the quantum Fisher information (QFI). The CFI
depends on the sampled probability distribution as [37–41]
FðhÞ ¼
X
fx⃗g
1
Pðx⃗jhÞ
∂Pðx⃗jhÞ
∂h

2
; ð8Þ
and the QFI can be derived from the fidelity as [37–41]
HðhÞ ¼ −4 lim
dh→0
 ∂2
∂ðdhÞ2 F ðρh; ρhþdhÞ

; ð9Þ
where the fidelity is F ðρ1; ρ2Þ ¼ Tr½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρ1
p
ρ2
ﬃﬃﬃﬃ
ρ1
pp . For
single-parameter estimation there always exists some
positive operator valued measurement for which the second
inequality of Eq. (7) is saturated [37,39].
For a parameter encoded only in the displacements of a
Gaussian state, the QFI is [42,64–66]
HðhÞ ¼ 2ð∂hd⃗ÞTσ−1ð∂hd⃗Þ; ð10Þ
where d⃗ and σ are the displacement vector and covariance
matrix of the Gaussian state, respectively.
M and V⃗ can be expressed asM ¼ BMB and V⃗ ¼ BV⃗,
where B ¼ diagðeiβ112×2;…; eiβd12×2Þ, and M and V⃗ are
real for all cases given by Eq. (2). With an input state that can
be written as σin ¼ σ0 ⊕ σ0, the QFI for the parameter jhj is
then (see Sec. III of the Supplemental Material [50]) given by
HðjhjÞ ¼ 4V⃗TðMσ0MTÞ−1V⃗: ð11Þ
As Eq. (11) is independent of argðhÞ, we henceforth take h to
be real and positive.
To compare with the spectral noise density which is
typically used to describe the sensitivity of sensors [2,14,33],
the CRBs should be multiplied by 4 as SnðΩÞ¼4=FðhÞ; see
Sec. IV of the Supplemental Material [50]. Our bounds
therefore have a prefactor h2SQL=8 in comparison to results
using the single-sided spectral density where the equivalent
prefactor is h2SQL=2 [2,33].
Sensor scheme.—From Eq. (2) the optical modes are
coupled through a multimode squeezing, which are
weighted through the optical intensities of each mode.
We model optical loss at the detector by mixing the
outgoing modes bˆ with a (Gaussian) environment at a
beam splitter with transmittivity η as bˆ →
ﬃﬃ
η
p
cˆþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 − ηp nˆ,
with reflected light dumped in a set of modes nˆ which are
traced out from the final state, leaving only the measurable
modes cˆ accessible. The effect on the final state is
d⃗→
ﬃﬃ
η
p
d⃗; σ → ησ þ ð1 − ηÞσloss;
where we will take the input from the environment to be
pure vacumm, namely, σloss ¼ 1.
Externally squeezed light inputs can enhance
precision [1–3] and has already been demonstrated in
current GW detectors [3,67]. With multimode interfero-
meters one feasible generalization is to have parallel
squeezing for the sidebands of each carrier frequency, with
some squeezing ξj ¼ rjeiϕj in the xˆðjÞ1 and xˆðjÞ2 modes.
Our main result is the fundamental quantum limit to the
precision of the interferometer scheme described—with
arbitrary intensity and external squeezing in each mode—
which is
ðΔhÞ2 ≥ h
2
SQL
8
 ½1 − ð1 − ηÞηhSΓi2
η½ð1 − ηÞhΓi þ ηhQΓi þ ð1 − ηÞhPΓi

;
ð12Þ
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where we define the diagonal matrices Qii ¼
ðcosh 2ri þ sinh 2ri cos 2ϕiÞ, Sii ¼ sinh 2ri sin 2ϕi, Γii¼
f½ð1−ηÞ2þη2þ2ηð1−ηÞcosh2rig−1, P¼η1þð1−ηÞQ,
and hAi is defined as Pdi;j¼1 ﬃﬃﬃﬃﬃﬃﬃﬃκiκjp Aij. The dependency
on carrier-mode intensity is a function of summations over
κi weighted by various functions of the squeezing magni-
tude and angle in the respective mode.
Attainability of quantum-limited precision requires the
application of specific measurement schemes on the quan-
tum system. Homodyne detection covers both measure-
ment of the signal quadrature which is in active use
[2,15,68,69] and the more general frequency-dependent
homodyne [2,15,33,60] that measures along a different
quadrature for each frequency mode Ω of the signal. Both
of these can be modeled by performing homodyne detec-
tion on some quadrature sin θixˆ
ðiÞ
1 þ cos θixˆðiÞ2 for each
carrier mode, in which θi can be frequency dependent.
This provides a precision of
ðΔhÞ2 ≥ h
2
SQL
8
½1 − ηðhG2Y−1Si þ hFGY−1QiÞ2
ηhG2Y−1i
þ ð1 − ηÞhQY−1i þ ηhG2Y−1i

; ð13Þ
where we further define the diagonal matrices
Fii ¼ sin θi, Gii ¼ cos θi, and Yii ¼ 1 − ηþ η½cosh 2ri−
sinh 2ri cosð2ϕi þ 2θiÞ.
For measurements along the signal quadrature, F ¼ 0,
G ¼ 1, Y ¼ T in Eq. (13) and the precision reduces to
ðΔhÞ2 ≥ h
2
SQL
8
ð1 − ηhST−1iÞ2
ηhT−1i þ hPT
−1i

; ð14Þ
where T is the diagonal matrix Tii ¼ 1 − ηþ ηðcosh 2ri−
sinh 2ri cos 2ϕiÞ.
The bounds in Eqs. (12)–(14) all take the form
ð1 −PicðiÞ1 κiÞ2P
ic
ðiÞ
2 κi
þ
X
i
cðiÞ3 κi; ð15Þ
for any given input squeezing configuration, with cðiÞ2 > 0
and cðiÞ3 ≥ 0, with the equality c
ðiÞ
3 ¼ 0 only holding if
η ¼ 1, which we consider explicitly as a special case later.
When cðiÞ2 > 0 and c
ðiÞ
3 > 0, namely for η < 1, Eq. (15) is
always minimized (though not necessarily uniquely) over
fκig ∈ ½0;∞ by some κj ¼ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcðjÞ1 Þ2 þ cðjÞ2 cðjÞ3
q
and
κk ¼ 0, ∀ k ≠ j. See Sec. VII of the Supplemental
Material [50] for the complete proof. This establishes
our main conclusion that multicarrier optomechanical
sensors are fundamentally no better than their single-carrier
counterparts.
Special cases.—With an identical external squeezing of
reiϕ in each mode, the fundamental quantum limit in
Eq. (12) becomes
ðΔhÞ2 ≥ h
2
SQL
8
η2 þ ð1 − ηÞ½ð1 − ηÞ þ 2η cosh 2r − 2ηκtot sinh 2r sin 2ϕþ ηκ2totðcosh 2rþ sinh 2r sin 2ϕÞ
ηκtot½ð1 − ηÞ þ ηðcosh 2rþ sinh 2r sin 2ϕÞ
; ð16Þ
where κtot ¼
P
d
i¼1 κi is the sole κ-dependent term. In this case the fundamental quantum limit given in Eq. (16) can be
saturated with frequency-dependent homodyne using a homodyne angle of
θi ¼ arctan

η
κtotðcosh 2rþ sinh 2r cosh 2ϕÞ − sinh 2r sin 2ϕ
1 − ηþ ηðcosh 2rþ sinh 2r cos 2ϕÞ

; ∀ i: ð17Þ
Measurement along the signal quadrature in this identical squeezing regime yields a precision of
ðΔhÞ2 ≥ h
2
SQL
8

1 − ηþ ηðcosh 2r − sinh 2r cos 2ϕÞ
ηκtot
þ κtotðcosh 2rþ sinh 2r cos 2ϕÞ − 2 sinh 2r sin 2ϕ

; ð18Þ
which can be optimized by a frequency-dependent squeez-
ing angle ϕ ¼ arctan κtot, to give a precision
ðΔhÞ2 ≥ h
2
SQL
8

1 − ηþ ηe−2r
ηκtot
þ e−2rκtot

: ð19Þ
In the limit of zero squeezing, the fundamental quantum
limit reduces to
ðΔhÞ2 ≥ h
2
SQL
8

1
ηκtot
þ ð1 − ηÞκtot

: ð20Þ
This takes the same form as the single-mode limit [2,33],
with κtot taking the place of the single carrier κ.
Using the frequency-dependent homodyne angle given
by Eq. (17), this precision can be attained with the
homodyne angle arctan ðηκtotÞ. Considering homodyne
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along the signal quadrature instead, the precision given by
Eq. (14) reduces to
ðΔhÞ2 ≥ h
2
SQL
8

1
ηκtot
þ κtot

: ð21Þ
In the lossless limit η ¼ 1 with squeezings not neces-
sarily identical across the carriers, the fundamental
quantum limit is
ðΔhÞ2 ≥ h
2
SQL
8
1
Ktot
; ð22Þ
where we define Ktot as Ktot ¼
P
d
i¼1 κiðcosh 2ri þ
sinh 2ri cos 2ϕiÞ, and the bound displays shot-noise behav-
ior, being minimized as κi → ∞. This bound is attained by
the frequency-dependent homodyne angle
θi ¼ arctan

Ktot − sinh 2ri sin 2ϕi
cosh 2ri þ sinh 2ri cos 2ϕi

; ∀ i; ð23Þ
while a squeezing angle ϕi¼0, ∀ i optimizes the precision.
Conclusions and discussions.—We have shown that no
improvement is afforded in the fundamental sensitivity
bound in a large class of optomechanical sensors by
simultaneous use of multiple carrier modes, including
under the effect of optical loss. With identical squeezing
in each mode the precision is determined solely by κtot and
no other properties of the distribution of fκig. Introducing
squeezing with different magnitudes of angles breaks this
symmetry, but the optimum interferometer configuration is
not enhanced by the presence of multiple carriers.
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